Abstract. We study the anti-canonical ring of a projective variety and we characterise varieties of log Fano type depending on the singularities of these models.
Introduction
Over the last few years, there have been many developments about the study of the canonical model of a projective variety. On the other hand, not much is known about its anti-canonical model. Few decades ago, Fumio Sakai considered this problem for projective surfaces (e.g. see [Sk2] , and [Sk3] ). In particular, he gave a characterisation of the anti-canonical model of any rational surface with big anti-canonical divisor.
The purpose of these notes is to study the anti-canonical model for higher dimensional projective varieties. More specifically, we describe a characterisation of varieties of Fano type depending on the singularities of their anti-canonical models.
Our main result is the following:
Theorem 1.1 (=Corollary 3.2). Let X be a Q-Gorenstein normal variety. Then X is of Fano type if and only if −K X is big, R(−K X ) is finitely generated, and Proj R(−K X ) has log terminal singularities.
a rational surface with big anti-canonical divisor is a Mori dream space. Thus, the theorem follows from the arguments in [GOST] . On the other hand, it is known that higher dimensional varieties with big and nef anti-log canonical divisor are not necessarily Mori dream spaces (e.g. see [G, Example 5.2] ). Note that we do not assume that X is a Mori dream space in Theorem 1.1. Note that in dimension two, Hwang and Park gave a different proof of Theorem 1.1 (see [HP, Theorem 1.1 
])
The paper is organised as follows. We give a proof of Theorem 1.1 in Section 3. In Section 4, we consider the problem about the finite generation of Cox rings of log canonical log Fano varieties and in Section 5 we describe some examples of varieties of Fano type which give a negative answer to some questions raised before on these problems. related to the examples in Section 5 with Frédéric Campana, Hiromichi Takagi, Takuzo Okada and Kiwamu Watanabe while he was a Ph.D student. Some of the questions considered in this paper were raised during an AIM workshop in May 2012. We would also like to thank Ivan Cheltsov, Anne-Sophie Kaloghiros, Ana-Maria Castravet, James M c Kernan, John Christian Ottem and Vyacheslav Vladimirovich Shokurov for several useful discussions. We are particularly thankful to Ana-Maria Castravet for pointing out an error in a previous version of this notes. We also would like to thank DongSeon Hwang for informing us that Theorem 1.1 was already known in dimension two [HP] .
Preliminaries
We work over the field of complex numbers. We use the standard definitions for the singularities appearing in the minimal model program: Definition 2.1 (cf. [KoM, Definition 2.34] ). Let X be a normal variety and ∆ be an effective Q-divisor on X such that K X + ∆ is Q-Cartier. Let π : X → X be a birational morphism from a normal variety X. Then we can write
where E runs through all the distinct prime divisors on X and a(E, X, ∆) is a rational number. We say that the pair (X, ∆) is log canonical (resp. klt) if a(E, X, ∆) ≥ −1 (resp. a(E, X, ∆) > −1) for every prime divisor E over X. If ∆ = 0, we simply say that X has only log canonical singularities (resp. log terminal singularities). We say that the pair (X, ∆) is dlt if the coefficients of ∆ are less or equal one and a(E, X, ∆) > −1 for any exceptional divisor E of π.
Section rings and Cox rings.
Definition 2.2. Let X be a normal variety and let L i be a line bundle for i = 1, . . . k. We define the ring (i) X is Q-factorial, Pic(X) is finitely generated, and Pic(X) Q ≃ N 1 (X) Q , (ii) Nef(X) is the affine hull of finitely many semi-ample line bundles, (iii) there exists a finite collection of small birational maps f i : X X i such that each X i satisfies (i) and (ii), and that Mov(X) is the union of the f * i (Nef(X i )).
Remark 2.4. Over the field of complex numbers, the finite generation of Pic(X) is equivalent to the condition Pic(X) Q ≃ N 1 (X) Q .
As suggested by the name, one of the advantages of working on a Mori dream space, is that on these varieties we can run an MMP for any divisor: 
and let f : Y = P(E) → X be the corresponding projective bundle.
Then Y is also a Mori dream space.
be a basis of Pic Z X. Then we can write
where a i, j are integers. Let S be the tautological section of E, i.e. the section corresponding to
is finitely generated and
is a basis of Pic Z Y, we have that Y is also a Mori dream space.
Varieties of Fano type and of Calabi-Yau type.
Definition 2.7 (cf. [PS, Lemma-Definition 2.6]). Let X be a projective normal variety and ∆ be an effective Q-divisor on X such that K X + ∆ is Q-Cartier.
(i) We say that (X, ∆) is a log Fano pair if −(K X +∆) is ample and (X, ∆) is klt. We say that X is of Fano type if there exists an effective
is log canonical. We say that X is of Calabi-Yau type if there exits an effective Q-divisor ∆ such that (X, ∆) is log Calabi-Yau. 
and let f : 
Let T 1 , . . . , T m be the divisors in Y given by the summands of E. Then
Fix a sufficiently small rational number δ > 0 such that
In addition, we have
and it follows that 
Then Y is also of Calabi-Yau type
Proof. By assumption, there exist a log canonical pair (X, ∆) such that
. . , T m be the divisors in Y given by the summands of E. Then there exist a Q-divisor Γ ≥ 0 on Y such that (Y, Γ) is log canonical and
Thus, (Y, Γ) is log Calabi-Yau and the claim follows.
The anti-canonical model of a variety of Fano type
We begin with a generalisation of Theorem 1.1:
Theorem 3.1. Let (X, ∆) be a projective log pair over an algebraic closed field k of characteristic zero, such that K X + ∆ is Q-Cartier.
Then there exists a Q-divisor ∆ ′ ≥ 0 such that (X, ∆ + ∆ ′ ) is a log Fano pair if and only if R(X, −m(K X + ∆)) is a finitely generated k-algebra for some m ∈ N, the map
is birational and the pair (Y, Γ = ϕ * ∆) is klt.
Proof. We first prove the "only if" part. To this end, we follow some of the arguments in [GOST] . Assume that the pair (X, ∆ + ∆ ′ ) is log Fano, for some Q-divisor ∆ ′ ≥ 0. After possibly replacing X by its Q-factorization [BCHM, Corollary 1.4 .3], we may assume that X is Qfactorial. In particular (X, ∆+∆ ′ ) is klt and A := −(K X +∆+∆ ′ ) is ample. Thus R(X, −m(K X + ∆)) is finitely generated for some positive integer m. In addition, −(K X + ∆) is big and, in particular, ϕ is a birational map. Let D be an effective Q-divisor such that D ∼ Q −(K X + ∆) and pick a rational number 0 < ε ≪ 1 such that (X, ∆ + ∆ ′ + εD) is klt.
and by [BCHM] , we can run a D-MMP and obtain a contraction map ψ : X X ′ such that ψ * D is big and semi-ample. In particular (X ′ , ψ * ∆) is klt. Note that ϕ factors through ψ. Let η : X ′ → Y be the induced morphism. Then, (Y, Γ = η * ψ * ∆) is klt. Now we show the "if" part. By assumption
is a birational contraction and −(K Y + Γ) = −ϕ * (K X + ∆) is Q-Cartier by [HK, Lemma 1.6 ]. The Lemma also implies that −(K Y + Γ) is ample and
where E ≥ 0 is ϕ-exceptional, and ϕ * is the pullback by birational contractions. Thus, it follows that the discrepancies of (Y, Γ) along the components of ϕ-divisors are at most 0. Since (Y, Γ) is klt, by [BCHM, Corollary 1.4 .3] applied to
(1) Y ′ is a Q-factorial normal variety, (2) Y ′ and X are isomorphic in codimension one, and (3) there exists a Q-divisor
In particular Y ′ is of Fano type. Thus, there exists a big Q-divisor
is big and K X + ∆ + Θ ′ ∼ R 0. Thus, it follows easily from (2) that there exists a Q-divisor ∆ ′ such that (X, ∆ + ∆ ′ ) is a log Fano pair (e.g. see [B, Lemma 2.4 
]).
As an immediate consequence of the previous Theorem, we obtain:
Corollary 3.2. Let X be a Q-Gorenstein normal variety. Then X is of Fano type if and only if −K X is big, R(−K X
) is finitely generated, and Proj R(−K X ) has log terminal singularities.
Remark 3.3. Recall that if X is a normal variety, ∆ is an effective
is ample for some r ∈ Q and C is the cone defined by L, then (X, ∆) is log Fano (in particular r < 0) if and only if (C, Γ) is klt, where Γ is the corresponding Q-divisor on C (e.g. see [Ko, Lemma 3.1] ).
An analogue result as Theorem 3.1 holds for log Calabi-Yau pairs:
Theorem 3.4. Let (X, ∆) be a projective log pair over an algebraic closed field k of characteristic zero. Assume that R(X, −m(K X + ∆)) is a finitely generated k-algebra for some m ∈ N and that the map
is a log Calabi-Yau pair if and only if the pair (Y, Γ = ϕ * ∆) has only log canonical singularities.
We begin with the following lemma:
Lemma 3.5. Let K = R or Q. Let (X, ∆) be a log canonical projective Calabi-Yau pair, for some K-divisor ∆ ≥ 0 and let X ′ be a normal projective variety. Suppose that there exists ϕ : X X ′ such that ϕ is a birational contraction. Then K X ′ + ϕ * ∆ is K-Cartier and (X ′ , ϕ * ∆) is a log canonical Calabi-Yau pair.
Proof. Take a log resolution f : W → X of (X, ∆) which resolves the singularities of ϕ and let g : W → X ′ be the induced morphism. Let
Thus, by the negativity lemma it follows that Γ = Γ ′ and in particular (X ′ , ϕ * ∆) is log canonical.
Proof of Theorem 3.4. The "only if" part is an immediate consequence of the above lemma. Thus, we show the "if" part. As in the proof of Theorem 3.1, we have that −(K Y + Γ) is ample and
where E ≥ 0 is a ϕ-exceptional Q-divisor. Note that the discrepancies of (Y, Γ) with respect to any ϕ-exceptional prime divisor is at most 0. Let α : W → Y be a log resolution of (Y, Γ) which resolves the indeterminacy of ϕ and let β : W → X ′ be the induced morphism. By assumption (Y, Γ) is log canonical. We write α * (K Y + Γ) = K W + Ω, where the coefficient of Ω are less or equal to 1. Let E be the set consisting of all the α-exceptional divisors on W which are not β-exceptional and all the components of Ω with coefficient equal to one. By [F3, Theorem 4 .1] applied to E, there exists a birational morphism f : Y ′ → Y satisfying:
In particular Y ′ is of Calabi-Yau type. Thus, Lemma 3.5 implies that there exists ∆ ′ ≥ 0 such that (X, ∆ + ∆ ′ ) is a log Calabi-Yau pair.
Similarly to Corollary 3.2, we immediately obtain:
Corollary 3.6. Let X be a Q-Gorenstein normal variety such that −K X is big and R(−K X ) is finitely generated. Then X is of Calabi-Yau type if and only if Proj R(−K X ) has log canonical singularities.
In view of Corollary 3.2, it is tempting to ask if for any variety X of Calabi-Yau type and such that −K X is big, we have that R(X, −K X ) is finitely generated. However, the example below shows that this is not true in general:
Example 3.7. Let S be the blow up of P 2 at 9 very general points and let E = −K S . Let L 1 be and ample divisor and let
). Then Proposition 2.10 implies that X is of Calabi-Yau type. On the other hand, we have that
is not semi-ample since E is not semi-ample. Thus, since −K X is big, it follows that R(X, −K X ) = R(X, O X (2)) is not finitely generated.
On log canonical Fano varieties
Considering Example 3.7, it seems worth studying under which condition a projective variety X is a Mori dream space. By [BCHM, Corollary 1.3 .2], it follows that any variety of Fano type is a Mori dream space. The aim of this section is to study possible generalisation of this result.
We begin with the following conjecture:
Conjecture 4.1. Let (X, ∆) be a Q-factorial log canonical pair such that
Note that by [BCHM, Corollary 1.3.2] , the conjecture holds to be true under the assumption that (X, ∆) is dlt. We now show that the conjecture follows from the standard conjectures of the minimal model program: Theorem 4.2. Assme the existence of minimal models and the abundance conjecture for log canonical pairs in dimension n.
Then Conjecture 4.1 is true in dimension n.
Proof. First, note that Kodaira vanishing for log canonical pairs (e.g. see [A] and [F2, Theorem 2.42] [K05, Corollary 9.5.13] ). Let L 1 , . . . , L ℓ be a basis of Pic Q (X). Then, for any i = 1, . . . , ℓ, after possibly rescaling
We claim that the ring
s finitely generated for any positive integer m such that m(K X + ∆ i ) is Cartier for any i = 1, . . . , ℓ. Note that the claim implies that X is a Mori dream space by [HK, Theorem 2.13] . We now proceed with the proof of the claim. After taking a log resolution, we may assume that (X, ∆ i ) is log smooth for any i = 1, . . . , ℓ. Let V ⊆ Div R (X) be the subspace spanned by the components of ∆ 1 , . . . , ∆ ℓ . By [SC, Theorem 3.4] or [Ka, Theorem 3] , there exist ϕ j : X Y i , with j = 1, . . . , p such that if ∆ ∈ V is such that (X, ∆) is log canonical and K X + ∆ is pseudo-effective, then ϕ j is the log terminal model of (X, ∆) for some j = 1, . . . , p. Thus, we obtain the claim, by using the same methods as in the proof of [BCHM, Corollary 1.1.9 ].
In particular, we obtain:
Note that, in general, a log canonical weak Fano pair is not necessarily a Mori dream space (see [G, Section 5] ). The following example shows that even assuming that (X, ∆) is a log canonical pair such that −(K X + ∆) is semi-ample and big, then X is not necessarily a Mori dream space, even assuming H 1 (X, O X ) = 0.
Example 4.4. Let S be a K3 surface which is not a Mori dream space. Let A be a very ample divisor on S and let X = P(O S ⊕ O S (A)). Thus, [Ow, Theorem 1.1] implies that X is not a Mori dream space. On the other hand, it is easy to check that if E is the section corresponding to the summand O S then (X, E) is log canonical and −(K X + E) is semi-ample and big. Furthermore, we have H 1 (X, O X ) = 0.
On varieties of Fano type
The purpose to this section is to explore possible characterizations of varieties of Fano type. We show two examples which show that some of the questions raised before about this problem have a negative answer.
Example 5.1. Assume that (X, ∆) is a kawamata log terminal pair such that −(K X + ∆) is movable and big. Then X is not necessarily of Fano type.
Indeed, let S be a smooth projective variety of general type such that H 1 (S, O X ) = 0 and such that the Picard number of S is one. Let L 1 and L 2 be ample divisors on S, and let
Then the anti-canonical divisor of X := P S (E) is movable and big but since X is not rationally connected, it follows that X is not of Fano type. Note that Proposition 2.6 implies that X is a Mori dream space.
The following question is motivated by the birational BorisovAlexeev-Borison conjecture. In [Od] , Okada shows that the class of rationally connected varieties and of Fano type are birationally unbounded. Thus, it is natural to ask if these classes are the same up to birational equivalence. Recall that any variety of Fano type is rationally connected (see [Zh] and [HM] ) and all smooth rationally connected surface are rational.
Question 5.2. Let X be a rationally connected variety. Then is X birationally equivalent to a variety of Fano type?

